Solutions to short-answer questions
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First divide 3z by 22 — 5z + 4.
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2 — 53:+4j33:3
3z — 1522 + 12z
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1 —r 42

_4@+¢J+4u2—x+m

Eeee

152° — 12z
1522 — 75z + 60
63z — 60
3z° 63z — 60 . .
L 3z + 15+ z (factorising the denominator)
r? — 5z +4 (z —4)(z—1)
63z — 60 A

(z—4)(z—1) $—4+

 A(z—1)+ B(z - 4)

(x—4)(z-1)
B Ar+ Bxr— A — 4B
 (z—4)(z—1)
A+ B=63 )
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9 a 2=z

22 +z=0
z(x+1)=0
z—=0orz—=-1
fz=0,y=0
fz=-1,y=1

The points of intersection are (0,0) and (—1,1).

b Substitutey = 4 — z into 2 + y? = 16.
2+ (4—2z)2 =16
2?2 +16 — 8z + 22 =16

2z — 8z =0
2 4z =0
z(x—4)=0
r=0o0rzx=4
Ifz=0,y=4
fz=4,y=0

The points of intersection are (0,4) and (4, 0).

¢ Substitutey =5 — xinto zy = 4.

z(5—z)=14
57 —x2 —4 =10
2 _5x44=0

(xr—4)(z—-1)=0
r=4orxz=1

Ifz=4,y=1
fz=1,y=4
The points of intersection are (4,1) and (1,4).
10 Substitute x = 3y — 1 into the circle.
(By—1)*+23y—1)+y* =9
9y —6y+1+6y—2+y2=9

1032 —10=0
¥ —-1=0
(y+1)(y—-1)=0
y=lory=-1
fy=—-1,z=—-4
fy=1,z=2
The points of intersection are (2,1) and (—4, —1).
Ma t:E
T
135
b t=
z—15
c z=4060

d 60km/h,45km/h



Solutions to multiple-choice questions

1 C z22=(z+1)2+bz+1)+c
=224+ 22+ 1+bz+b+ec

b+2=10

b=-2
b+c+1=0
c=1

2 D Z=az+2’+bz+2)>+c(z+2)+d
=G$3+6G$2+120;1!+8a+b3:2+4b$+4b+0$+20+d

a=1

b+6a=0

b=—-6

12a +4b+c=10
c—=12
8a+4b+4+2c+d=0
d= -8

3 D a=3,b=-6,¢c=3
6++36—-4x3x3
2x3

6 + /0

6

Ir =
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272 1 4z — 48
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z+4 -2  (z+4)(z—2)
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(z+3)*(z+1)
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a+b="7
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C=-3
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BCEEE
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A+2B=38
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0 B -3z24+2x—-1 Az + B C
{..":E-I—lj{;':—i-l): 2 +1 +:c+1
_ (Az+B)(z+1)+C(z* +1)
B (2 4+1)(z +1)
_Ar®+ Az + Bx+B+Cz*+C
N (z2+1)(z +1)

A+ C=-3 i)
A+B=2 2)
B+C=-1 @
-
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Solutions to extended-response questions

1 a Let V km/h be the initial speed.
V — 4 is the new speed.

It takes 2 more hours to travel at the new speed,
240 240
vot2=y—; U

240(V — 4) 4 2V(V — 4) = 240V

240V — 960 + 2V2 — 8V = 240V
2V2 _ 8V — 960 = 0
V2_4V —480=0
(V —24)(V +20) =0

V=240orV=-20

Actual speed is 24 km /h.

b Ifittravels at V — a km/h and takes 2 more hours, equation [1] from a becomes
240 240

v P2t v_q
240(V — a) + 2V(V — a) = 240V
240V — 240a + 2V?2 — 2Va = 240V
2V? _ 2aV — 240a = 0

V2 _aV —120a =0
Using the general quadratic formula,

a+ v/ a? + 480a

2

Whena = 60, V = 120, i.e. the speed is 120 km/h, a fairly fast speed. So if speed is less than this, practical
values are 0 < a < 60 and then 0 < V < 120.

V =




c¢ Ifittravels at V — a km/h and takes a more hours, equation|1] from a becomes
240 240
v ta= V—-a
240(V —a) + aV(V — a) = 240V
240V — 240a 4 aV? — a®V = 240V
aV? —a®V — 240a =0
VZ_aV —240=0

Using the general quadratic formula,

a+ v/a? + 960

2
The only pairs of integers for a and V are found in the table below.

V =

a |1l (8 |14 (22|34 |43 |56 |77 | 118

V|16 |20 |24 |30 | 40 | 48 | 60 | 80 | 120

2 Atable is a useful way to display the speed, time taken and distance covered for each train.

distance (km) | time (h) speed (km/h)
Faster train b % v
. b b b
Slower train b —da |br | —+al|=
v v b+ av

a Inchours, the faster train travels a distance of cv km.

In ¢ hours, the slower train travels a distance of km

+ av

Since the slower train travels 1 km less than the faster one in e hours,
bev

b+ av
o (ev —1)(b+ av) = bev
2

cac  —av—b=10

cv—1=

cobev+acv® — b — av = bev

Using the general quadratic formula,

a+ +/a? + 4abc
2ac

a+ v/a? + 4abe

— since v > 0
2ac

v =

a+ /a2 + 4abe km/h

Therefore the speed of the faster train is 5
ac

b Ifthe speed of the faster train is a rational number, then a? + 4abe must be a square number.
Setl

Ifa=1,
then a? + 4abec = 1 + 4be
ega=1,b=1,¢c=2



a+ v/ a? + dabe

2ac
14+/12+4x1x1x2

2x1x2

in which case v =

becomes v =

1449
4
— 1km/h

Set 2
Ifa=1andb= 100,
then a? + 4abc = 1 + 400¢

11
Choosee = —
10
) 11
then a +4ac:1+40l}><ﬁ
= 441
— 9212
11
Whena.:l,b:lﬁl}andc:ﬁ,
a + v/a? + 4abe
v= 2ac
1+21
becomesv:—ll
2x]1x —
10
2210
- 22
= 10km/h
Set 3
1
fa=—,b=15¢c=1
2
a+ +/a? + 4abe
then v =
2ac
1 1 ? 1
§—|— (E) —|—4><§x15x1
becomes v = 1
2x —x1
><2><
1, o
_2 4
o 1
_1.
2 2
=6 km/h
Set4
1
Ifa=—,
=1

1
then a? + 4abec = 6 + be

ega=1,b=5¢c=1



a + +/a? + 4abe

2ac

2
1 1 1
Z—i— (E) +4x1x5xl

2x1x1

in which case v =

becomes v =

Set5
Ifa=1andb=1,

then a? + 4abe = 1 + 4¢
Choosec =6

thena? +4ac=1+4x6

=25
— 52
Whena =1, b=1and ¢ = 6,
a + v/ a? + 4abe
v= 2ac
pJ
b ecomes 3 — 1+v/12+4x1x1x6
2x1x6
145
12
1
= —km/h
2
Volume | Time | Rate
Large pipe 1 Tt TL
Small pipe 1 Ts rg
Both pipes 1 Tg |rp+rs

Ty, is the time for the large pipe to fill the tank
T is the time for the small pipe to fill the tank
Tg is the time for both pipes to fill the tank

where it is assumed without loss of generality that the volume of the tank is 1 unit.

Given
Ts =Tr+a
Ts=Tp+b ...[2]

Note thatrg = rg + 1.



Tp = —

1 N 1
Ts Ti
TsTL
Te + T7,
From[1] and [2]
Tr+a=Tg+b
| TsTy
- Ts+ Ty
S Tp(To + Ts) + a(Ty + Ts) = TsTr + b(Tr + Ts)
S Tn(2Tr + a) + a(2Tr, + a) = Tr(TL + a) + b(2TL, + a)
- 2T2 + aTyp + 2aTy, + a® = TP + aTy + 26T, + ba
T2 +2(a—b)Tr +a® —ba=0
2(b — a) + 1/4(a* — 2ab + b*) — 4(a® — ba)

T = 5 since T, > 0

2(b — a) + y/4a? — 8ab + 4b? — 4a? + 4ba
2

+b

=b—a++/—ab+b
Also from[1] Ts = T + a
=b—a4++b°"—ab+a
= b+ /b —ab
b Ifa=24andb=32,

Ts =32+ /327 — 32 x 24

= 48
TL:TS—a

=48 — 24

=24

¢ b? —abis a perfect square, and Ts = b+ /b2 — ab.
Letb:a—i—l.ThenT_g:a—i—l—i—\/(a—l—l)ﬂ—a(a—|—1)

:a.—|—1+\/a.2+2a,+1—az—a
=a+1+a+1

Note: This means b must be a perfect square.

8 |15 24|35

18 | 32 | 50 | 72
10 | 17 | 26 | 37

3

b (4| 9 |16 |25 |36
8
5




